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SUMMARY

As a basisforthepredictionofthegust-loadhisto~of airplanes
in serviceoperations,thestatisticalconceptsof randomvariablesand
probabilitydistributionsareappliedto the“sharpedgegustnformula.
Expressionsarederivedforthefrequencydistributionof gustloadsin
termsof distributionsoftherelatedvariablessuchaseffectivegust
velocityandairspeed.Solutionsareobtainedunderassumptionsthat
appearreasonableonthebasisofpresentpracticesingustresearch.
Theresultsareappliedin anexampleandthepredictedloadexperience
is comparedwiththeavailableflightloadsdataforthiscase.

,,

.

INTROIXJCTION

Thepredictionofthegustandgust-loadexperienceofan airplane
inoperationalflightisa problemrequiringcontinuingstudyforthe
developmentof safeandefficientaircraft.Aftera basicdesignis
selected,oneoftheproblemsfacedby thedesignerin settingtheulti-
mateandfatiguestrengthoftheprimarystructureisthepredictionof
theairplanegust-loadhistory.Becausetheloadappliedto anairplane
whenencounteringa gustisa functionofboththegustvelocityanda num- ,
berof associatedoperatingconditions,suchasairspeedand&ltitude,
informationisneedednotonlyonthecharacteristicsofatmospherictur-
bulencebutalsoonhowandwheretheairplanewillbe flown.

Inoperatingpractice,thegustintensitiesencounteredvaryinan
trregularmannerovera widerangeof intensities;inaddition,theair-
speedsandsltitudesatwhichgustsareencounteredalsovaryoveran
appreciablersngefora givensir-plane.Theloadhistoryof an airplane
thusdependsuponcombinationsof conditionsingustencounters.Since
theparticularcombinationsof conditionsthatoccuringustencounters
are,withincertainphysicallimitations,largelyirregularandbeyond
control,theloadexperienceexhibitssomeofthecharacteristicsof
chan6ephenomenaandmaybe described”byprobabilitymethods.
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Thestatisticalnatureofthegust-loadhistoryhasbeenwidely
recognizedandconsiderableefforthasbeenexpmdedinthecollection
andanalysisof gust-loadsflightdata. Untilrecently,thesedatawere

.

largelycollectedby useofNACAV-Grecordersfromwhichinformation
couldbe obtainedonlyonthelargerloadsandgusts.Withthedevelop-
mentoftime-historyrecorders,suchasthe.VGHrecorderof reference1,
suitableforoperationaluse,theentirerangeof gustandloadtiten-
sitymaybe studied.Inthisconnectionthereexiststheproblemof
developingmethodsa~opriatetotheuseofthesedataforpurposesof
loadprediction.Thisproblemisconsideredinthepresentpper in
whichanapproachtothepredictionproblembasedonprobabilitymethods
ispresented.

Inthepresentanalysis,thestatisticaltheoryofrandomvariables
andfrequencydistributionsisappliedtotheformof thesharp-edge-
gustequation.Thefrequencydistributionofairplanegustloadsis
derivedintermsofthefrequencydistributionsofrelatedvariables
suchas effectivegustvelocityandairspeedunderassumptionsthat
appearreasonable.Theanalysisisextendedto includethefrequency
distributionof gustloadsasa functionofairs~edinordertopermit
thedeterminationofthefrequencydistributionof liftandmomentforces.
‘JThenatureandformofthedatarequiredforapplicationareindicated.
Finally,themethodsofapplicationareillustratedinan examplein
‘whichtheexpectedfrequencydistributionsof loadsforparticularopera-
tionsofa moderntrans~rtairplanearederived.Theresultsobtained
arecompredwithavailableflightloadsdata. ,,

ANALYSIS

StatisticalBackground

Thenextfewparagraphswillpresentsomeof thefundamental
statisticalconceptsandrelationsusedinthispaper.Theseconcepts
andrelationsarecoveredindetailinstandardtextbookssuchas
reference2.

Statisticaltheoryrestsupn theconceptofa “randomvariable.”
Thisconceytassumesthatan observationofa variablex mayhavea
multitudeofvaluesovera finiteor infiniterange.Foran observation
selectedatrandom,allvaluesmaynotoccurwithequalprobabilityand
theprobabilityofa givenvalueoccurringmaybe definedby a function
f(x) suchthat f(x)dx isa measureoftheprobabilitythata random
valuewill.fallintheinterval

x -+<x<x+$f

—... — .—c— . —— _ ~
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f(x) ishereinreferredtoas thefrequencyfunctionand
theprobability-distributionfunctionF(x) by the

J.xF(x)= f(x)dx (1)

where F(x) definestheprobabilitythata randomvaluewillfallbelow
a givenvaluex. TheprobabilityF(x) maybe consideredtorepresegt
theproportionofallvaluesof x belowa givenvalueandisa bounded
functionO SF(X)~ 1. Similarly,thecomplementaryfunction1 - F(x)
definestheprobabilitythata randomvaluewillbe greaterthanthe
givenvaluex.

h a manneranalogoustothesingle-variablecase,multivariate
functionsmaybe definedtorepresentseveralpropertiesofa given
randomeventor observationandtheprobabilitydistributionsofthese
properties.Therelationbetweenthemultivariatefrequencyfunction
andtheProbabilitydistributionfunctionisgivenby

(2)

where xl,X2, ...~ are n randomvariables,(f X1,X2,..:
XJ is

themultivariatefrequencyfunctionofthevariablesxl, X2, . . . ~,

(and F X1,X2,...~) definestheprobabilitythata randomobservation
willhavevalueslessthangivenvaluesof xl,X2, ...~. If

(3)

thenthedistributionsofthevariables.1,x2, .,.~ aresaidtobe
Statisticallyinde~nden~andthe’distribution,of xl forexamplejis

thesameforanyfixedvaluesoftheothervariables.ThePropsrty,of
statisticalindependenceprovidesa usefulbasisforsimplificationin
manystatisticalapplicationsandwillbe referredto subsequently.,. .. ,.

Ifa variabley isa functionof severalrandomvariables
fl y=~xl~xa’ ““”Xn),then’fromequation(2)theprobabilitydistribution

functionof y, F(y),iSgivenby
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F(Y)= &jj’f(x~,x2, ...X&3-Xl~2 ...~ (4) . ‘

wherethelimitsof titegrationarerestrictedto thedomainofvalues

(
G x1,x2,...R)<Y

variables“xl,x2, ...~ areconsideredstatisticallyIf,further,the
independent,equation(4)becomes

Equation(s)permitsthecombinationoftheindividualdistributionsof
theseveralindependentvariablesfordeterm@ingthedistributionof
therelatedfunctiony}thedistributionof y dependtigonlyonthe
individualdistributionsofthevariables.1,X2, ...~ and

Sharp-Edge-GustEquation m

Inmanyinvestigationsof gust-loadspro%lems,the~ak acceleration ~
incrementAn experiencedby an airplaneundertheactionofa vertical
gustisgivenintermsoftheso-calledsharp-edge-gustequation.Inas-
muchasthis~p?r isconcernedwithstatisticalconsiderationofthe
formofthesharp+dge-gustequation,theequationwillbe definedand
brieflydiscussed.Thesharp-dge-gustequation(reference3) maybe
expressedas

where

a slopeoftheliftcurve,perradian

Po airdensityat sealevel,0.00237’8slugpercubicfoot

(6)

Ue “effectiw”gustvelocity,feetpersecond

1’%, whereV isthetrueairspeedVe equivalentairspeeda
measuredinmilesperhourand u istheratioofactual
airdensityto standardairdensityat sealevel p.

“

.

..— ———— ~..
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w airplaneweight,pounds

s wingarea,squarefeet

K alleviationfactor’usedtotakeintoaccounttheeffects
tolaginlift,theverticalvelocityoftheairplane,
thegradientdistanceofthegust

due
and

Thecorrespondingmadmumair-loadincrement(asdistinctfromload-
factorincrement)experiencedby anairplaneundertheactionofa gust
can,fromequation(6),be expressedas

(7)

Ifthepossiblecompressibilityeffectsontheslopeoftheliftcurve
areneglected,theloadincrementAL isa functiononlyof K, Uej
and Ve fora givenairplanetype.

FrequencyDistributionof GustLoads

Probabilityrelationforgustloads.-Considerationoftheopera-
tionalgust-loadhistoryofanairplaneindicatesthatthevariationsh
thevaluesof K, Ue,and Ve inequation(7)maybe treatedby proba-
bilitymethods.Thewiables K, V,and Ue maybe consideredtobe
randomvariablesdefinedby probabilityor frequencydistributions.
Statisticaltheorymaythenbe appliedtopredicttherelativefrequency
ofoccurrenceofvariouscombinationsofvaluesof thevariablesK, Ue,
and Ve and,hence,theassociatedloadincrements.Theirregularand
erraticnatureof gustsequencesandthemanyfactorsinfluencingthe
airspeedand K valueina gustencounterwoulda~peartomakethe
approachthroughprobabilitymethodsnotonlythemostreasonablebut
alsoperhapstheonlyfeasibleapproach.

Theprobabillty+iistributionfunctionoftheair-loadincrement
F(A) may,fromequation(4),be expressedas

F(AL)=
JJJ

fl(K)Ue}Ve)~ dUedVe (8)

wherethelimitsof inte~ationarerestrictedtothedomainofvaluesof .

1.467Kf&ueves < ~

2

. —...—.-— .- —.—. -— —.—. —- .-—— ...-—— .— ———.— —.—..—
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ThefunctionF(&) deftiesthe
valueslessthana givenvalue.

proprtionof
Thus, F(&)

loadincrementswith
isthepro~rtionofall

loadshavingvalueslessthan &. Theexpressionfl(K,Ue,Ve)repre-
,.,

sentsthemultivariatefrequencyfunctionoftherandomvariablesK,
Ue,and Ve anddefinestherelativefrequencywithwhichallWssible
combinationsofvaluesofthevariablesoccur.(Unfortunately,in
practicethefunctionfl(K,Ue,Ve)is neitherknownnorfeasibleto
obtainforparticularconditionsand,furthermore,is subjectto change
withchangesinoperatingpracticeorairplanetype.)

IfthevariablesK, U@,and Ve arestatisticallyindependent,
equation(8)maybe expressedfromequation(~)as

F(AL)=
JJJ

f2(K)f3(Ue)f4(Ve)~ dUedVe (9)

where f2(K),f3(Ue),~d fl+(Ve)arethefrequencyfunctionsofthe
randomvariablesK, Ue)and Ve)respectively.Fora givensetof
operations,a kmwledgeoftheapplicableindividualdistributionsof
K, Ue,~d Ve wouldthereforeallowthedeterminationofthefre-
quencydistributionofloadincrements. \ *

Distributionof effectivegustvelocity.-Theeffectivegustvelocity, .
betiga measureoftheatmosphericdisturbance,isthefundamentalvari-
ableinthesharp-edge-gustequationthatgivesrisetotheairplane
load,whereasthevaluesofthevariablesK and Ve affectthemagni-
tudeoftheresultantload.Past”workhasindicatedthatthecharacter-
isticsofatmosphericgustinesscanbe describedintermsofthefre-
quencyof occurrenceof gustsandthedistributionof gustintensities
(probabilitydistributions). As tidicatedinreference4,thefrequency
ofatmosphericgustsandthedistributionsofgustintensitiesappsarto
varywidely.Theinformationavailablesuggeststhatthegustcharacter-
isticsoftheatmospherevarywiththetypeofweather,geographical
regions,altitude,andseasonoftheyear. !I’y@calprobability-
distributionfunctionsofeffectivegustvelocityabovea thresholdof
4 feet~r secondforvariousweatherconditionsareshowninfigure1.
Theavailabledataforthesetestconditionsappeartoapproximate
simpleexpmentialdistributions.Thefrequencyof occurrenceofthe
gustsisalsotidicatedby A,theaveragenumberof gustspermileof
flight● Theover-allgusthistoryinnormaloperationsconsistsof com-
binationsofthedistributionsoffigure1 andothers;theover-all
distributionofgustintensitiesmaybe expectedtodepartfromlinearity
andvaryappreciablyamongdifferenttypesofoperations.Inviewof
thisfriability,itisapparentthattheappropriategustdistribution

.

fora givensetofoperatingconditionsisrequiredh orderto obtain
reliablepredictionsofloadexperience. ~

. ————.
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Distributionofairspeeds.-ThevariableVe as usedinequa-
tions and(9)referstotheairspeedsatwhichgustsareencountered.
Experiencehasindicatedthatmanypilots,inrecognitionoftherela-
tionofloadandaccelerationto theairspeedatw~ch gustsareencoun-
tered,attempttoreduceairspsedh roughair. lhthesecases,the
over-all.airspeedtimedistributionisnotindependentofthegust
velocityUe andconsequentlycannotbe usedforpresentpur~ses.
Availabledataindicatesthatairs~edsh roughah aregenerallylower
thantheairspeedsin smoothairandmaybe independentoftheintensity
oftheturbulence.Theover-alldistributionofairspeedinroughair
wouldconsequentlyappearsatisfactoryfordeterminingthefunction
f4(Ve)inequation(9). Thedistributionofairspeedinroughairmay
mosteasilybe obtainedfromsamplerecordsofflightdata. Inthe
absenceof sampleflightdata,usableestimatesofthisdistributionmay
be derivedfroma considerationoftheairplanecharacteristicsandthe
operatingconditions.

AlleviationfactorK.-ThevariableK, thealleviationfactor,
introducesa seriouscomplicationtotheanalysisinasmuchas theair-
planerespnseisa complexfunctionofairplaneandgustcharacteristics.
Theairplaneres~nsehasfrequentlybeenassumedtobe a functionofthe
massparameterM oftheairplaneandthegust-gradientdistance.Since
themassparameterisa functionofairplaneweightandairdensity,its
valuewillvaryfora givenairplaneandoperator.Forparticularair-
planes,thefactorK &y be expectedtovaryovera rangeofabout
NO percent.Thisvariationis smallandmaybe expectedtohaveonlya
minoreffecton theloaddistribution.~ addition,prevailingpractice
intheevaulationofguststatisticsare,forsimplicityorlackof ‘
information,generallyrestrictedtotheuseofa singleK valuefora
particularsetofoperations.Thustheeffectsofthevariationsin K
arealreadyincludedintheguststatistics.B viewoftheforegoing
discussionwhichindicatesthatthevariationsinvaluesof K are
generallysmallandarealreadyincludedinpublishedguststatistics,
generallyno seriouserrorwouldbe introducedbyneglectingthevariable
characterof K.

Distributionofgustloads.-Undertheassumptionofa constant
valueof K, equation(9)isreducedto

F(&) =
JJ fs(ue)fk(ve)duedve (lo)

wherethelimitsof integration
..

a

arerestrictedtothedomatiofvaluesof

kUeVe< AL

—... —.——..—-— --- — . . . —_.._ ,..__— .— — -.. .— —--- .—— —-——..
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where

k= 1.467Kpoa~

Ifthedistributionof effectivegustvelocityf3(Ue)isassumed
symmetricalaboutthezeroaxiswhichistheusualyractice(upanddown
gustsareassumedtohavethesameprobabilitydistribution),positive
gustsalonemaybe consideredsincethedistributionofassociatedload
incrementswilllikewisebe symmetrical.Thus,ifonlypsitivegusts
areconsideredandsmallgustswhichhavevaluesbelowsomethreshold
valueUe~ areneglected,theintegrationof equation(10)withresyect
to Ue yields

‘(N) ‘J[3(5J ‘F3~el~]f4(ve) ‘Ve

Sinceno gustvelocitiesbelowthenlue ‘el areconsidered,

‘3~eJ = O by definitionandequation(n) becomes

‘(m)‘J’F&!wvJ‘Ve

(11)

.

.

(1.2)
.

Equation(12)mayalsorewrittenintermsofthecomplementof F(&),
1- F(&)j as

1- ‘(m)‘fE-‘falf’(ve)‘v’ (12a)

Thisformisfrequentlymoreconvenientforcomputationalpurposes.

Thenatureofthevolumeintegralequation(12)isillustratedin
figure2. Theillustratedsurface,f(Ue,Ve)= f3(Ue)fJ+(Ve)jrepresents
the~otitfrequencyfunctionofthevariablesUe and Ve. A given
valueof loadincrementAL isrepresentedby thehyperbola& = kUeVe
tithe Ue,Veplane.Theprobabilityofoccurrenceofvaluesof &
lessthana givenvalueinanairspeedintervalVe * ~ isgivenby

F3(&)fk(Ve)dve indicatedon theleftsideofthefigure.Theterm

(P,3~ 4(ve)dverepresentsthevoluneofa slicenormaltothe Ve

SXiS ~d boundedby the Ue,Veplane,the F(Ue,Ve)surface,the P

—---- —— .- ——
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hyperbolicsurfaceAL = kUeVe,ad theplane Ue = Uel. ‘Thevolume

integralfor F(AG) ofequation(12)isobtainedby thesummationof
theseslicesalongthe Ve axis.

Undertheassumptionofa constantairspeed~e,the F(Ue,Ve)
surfaceof figure2 reducesto a curveintheplaneof constantairspeed
andequation(12)reducesto

Thissimplifiedsolutionhas
quencydistributionofloads
effectivegustvelocity.

(.JF(AL)=F3& (12b)
kV

sometimesbeenusedinestimatingthefre-
fora givenfrequencydistributionof

E@ation(12)yieldstheprobabilitydistributionof.gustloads
F(AL)whichgivestheproportionof gustloadshatingvalueslessthan
givenvaluesof &. Forgivenoperations,however,interestcentersin
thenumberofloadsofa givenintensityor inthefrequencydistribution
ofgustloads.!Zromthedefinitionoftheprobabilitydistribution
function

(13)

where N(AL) isthenumberof loadincrementslessthana givenvalue
of AL and
thesameas
lessthana

N isthetotalnumberof loads(whichwill,of course,be
thenumberof gusts).Thetotalnumberofloadincrements
givenvalue l?(AL)isconsequentlygivenby

N(AL)=NF(&) (1>)

andforevaluationrequiresinformationon thetotalnumberofgusts
expsctedortheaveragefrequencyofoccurrenceof gusts.Thetotal
numberof loadincrementsina givenintervalofloadintensity,for
exampleALl

(
to ~ ~ > ~), isfromequation(13)givenby

(13b)N(@ < AL< A@)=N ~(d+- F(LLI]
Distributionofgustloadsby atispeed.-Theforegoinganal~ispro-

v%desa meansof derivingthetotalfrequencydistributionofgustloads
, fromthedistributionsofeffectivegustvelocityandairspeed;h addi-

tion,theseresultsmaybe extendedtoderivethefrequencydistribution
of loadsseparatelyforvariousairspeeds.Thisextensionissometimes
desiredforuseinconnectionwithestimatesofthechordwisedistribu-

. tionof loads.If steadyflowconditionsareassumedtohold,the

.-. —--— -— . — — —-—— —.— — ——— —— -. —.— —. .—— —
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frequencydistributionofappliedliftandmomentforcesmaybe derived
fromthe-frequencydistributionsof loadby airspeed. c

Fromequation(I-2),considerthefunction
()

F3~ 4(ve).htw=t~g

thisfunctionbetweengivenvaluesof Ve,betweenVe7 and Vea for

instance,forvariousvaluesof zXG

where F(&)v istheproportion
‘l-2

-L L

gives

(Y‘3 & k(ve)dve (14)

ofallloadsoccurringintheair-

speedintervalVel to Ve2jwithvaluesof loadlessthan AL. An
approximatemethodof“determiningthedistributionof loadincrementsby
airspeedbrackets(frequentlymoreconvenientforcomputationalpurposes
thanequation(14))maybe derivedby integratingequation(10)with
respectto Ve forpositivegustsabove
overtheairspeedbracketVel tO Ve2
reasonablysmall(5to psrhaps20mph).

n&

thethresholdvalue Uel md
wheretheairspeedbracketis

Theintegrationyields

(15)

where Fe isanaveragevalueof Ve intheairspeedbracketVe to
1

ve2” For,~esentpur~ses,sufficientlyaccurateestimatesof Te are

obtainedby usingthemeanvaluedefinedby

JVe2
Vef4(Ve)dVe

‘el

J
Ve2

f4(Ve)dVe
v’el

(15a)

ltromequation(15),theprobability

topositivegustsabovea threshold

bracketisgivenby

distributionofloadsF(&)~e due

valueOf Ue
1

andina givenairspeed D

——
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Intermsofthecomplementof
()

AL!F3~ , equation(16)maybe givenas
kVe

whichyieldsthepropmtionofaXLloadsthatoccurina givenairspeed
bracketandhavevaluesgreaterthangivenvaluesof AL. Equation(16)
or (16a)maybe evaluatedreadilyto obtaintheprobabilty-distributlon-
functionofloadsforeachairspeedbracket.Theterm

l!4(v@2)-%?.1
inequation(16)representsthepropmtionof flighttime(ordistance)
spentintheairspeedrange ‘el to v,,.

()‘e ‘em ‘3 $ transfers

theprobabilityfunctionof effectivegustvelocitytoanassociated
probabilityfunctionof loadsundertheassumptionthattheairspeedsin
theairspeedbracketareconfinedtothemeanairspeedfortheinterval.

tia manneranalogoustothecaseof thetotalfrequencydistribu-
tionofloads,thentuuberofloadsthatoccurina givenairspeedbracket
andhavea valuelessthana givenvalueof AL, N(m), isobtained
fromequation(16),andthetotalnumberof loads(orgusts)N is
obtainedfromtheexpression

N(AL)=NF(AL)~e (17)

NumericalSolutions

Over-allprobabilitydistributionofgustloads.-Forknowndistri-
butionsof U@ and Ve,thedistributionofloadincrementsmaybe
obtainedfromequation(12).Thedistributionsof Ue and Ve whichare
commonlyencounteredcannot,however,be readilyapproximatedby simple
functionsand,further,equation(12)“isnotreadilyintegrableinclosed
fornforeventhesimpledistributionfunctions.,An approximateand
systematicevaluationcan.generallybemadeby numericalmethods.using
Simpson’srulewithanintervalofairs~ed AV permitsequation(12)
tobe expressedas

—. . .———————— ——— _ —- — — ---- ———.
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Inmatrixformthis

wardand
airspeed
byUS-

+%)

F(*)

.*.

.**

● . .

F(&)

equationmayconveniently

. . . . . . .. --==

. . . . . . . . . . . . .

. . . . . . . . . . .*

bewrittenas

x

?4(V,Jx’

‘()?Vex
3

.0. .

L....()f’Ven x

1

4

2

1

(18)

(Ma)

ofthedistri-Distributionofloadsby airspeed.-Thedetermination
butionfunctionofloadincrementsby airspeedbracketsisstraightfor-

requirestheevaluationof equation(16)or (16a).Themean
foreachspeedbracketdefinedby equation(15a)canbe estimated
Simpson’sruleandisgivenby



NACATN 2660 13

.

,

.

1 +‘ve/2f4
ye= (19)

‘~el)+4f4re3/2)+‘4~e2)

wherethesubscripts1, 3/2,and2 referto theairspeedsat the
beginning,mid~int,andend~int, respectiwly,of eachairspeed
bracket.

ILLUSTRATIVEPROBLEM

Inorderto ilhstratetheapplicationoftheforegoinganalysis,
theresultsobtainedwereappliedtoavailabledatato estimatethe
expectedloadhistoryfora twin-engineairplaneintransportoperations.
Theexampleisdevelo~dintwoparts.Ihthefirstpart,theover-all
probabilitydistributionof loadincrementsisobtainedfromavailable
dataonthedistributionsof effectivegustvelocityandairs~ed. In
thesecond~rt of theexample,thesamebasicdataareusedtoderive
thedistributionsof loadincrementby airspeedbrackets.Theresults
obtainedareineach~t comparedwithavailableflightloadsdatafor
theseoperations.Thebasicdatausedintheexamplewillbe presented
andthenusedinan applicationtothetwopartsof theexample.

&sic Data

Distributionofeffectivegustvelocity.-Informationonthedistri-
butionof effectivegustvelocityforthepresentoperationsisavailable
froma ltiitedsampleoftime-historyrecordofnormalaccelerationand
airspeedcovering281hoursofoperations(reference5).Becauseofthe
limitedrangeoftheeffectivegustvelocitiesavailablefromthese
records,theprobabilitydistributionofeffectivegustvelocityF3(Ue)
couldnotbe determinedfromthesedatawithsuitableaccuracy,particu-
larlyatthehigherintensitiesof effectivegustvelocity.Theavail-
abledata,however,approximatedtheshapeoftheprobability-distribution
curvelabeledcurveB andgiveninreference4 whichwasbasedonmore
extensiveguststatistics.Thisdistributionwasconsequentlyusedas
a basisfortheprobability-distributionfunctionF3(Ue)requiredfor
thepresentexample.TheB curveofthereferencewasnormalizedtoa
thresholdvalueof 4 feetpersecond,thethresholdselectedforthe
presentcase,andisshowninfigure3.Thefigureactuallygivesthe
complementof F3(Ue),or 1 - F3(Ue)jin ordertopermit.geateraccu-
racyofreatigat thehighergustvelocities.

— ..—— .- —..- —.—. .....-.— ——- —-—. — _.z—— —--- ——. ––-—
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l?requencyof occurrenceof gusts.-Equations(13)and(14)show
that,inordertodeterminethefrequencydistributionofloadsorthe .
numberof loadsof givenintensityina ~ven period,a totalnumberor
anaveragefrequencyof occurrenceof gustsor loadsisrequiredin
additionto theirprobabilitydistributions.Fromtheavailabletime-
historydataofreference5, anaveragefrequencyof occurrenceof
effectivegustvelocitiesgreaterthan4 feet~r secondof0.7gusts
permileofflight(0.35~sitiveand0.35negativegusts)wasestimated.
Thisvalueofaveragegustfrequencyisusedin convertingtheprobabil-
itydistributionsto frequencydistributionsinthepresentexample.

Distributionofairspeed.-Thefrequencyfunctionofairs~ed
f4(Ve)usedinthepresentexampleisshowninfigure4 andwasbased
onabout130ofthe281hoursofairspeedrecordinwhichrough+ircon-
ditionsexisted.Theintegralof f4(Ve)overanairspeedinterval,

‘el to ve2 forexample,tidicatesthe”proportionofthetotalflight

distancespentat speedsbetweenVe ~d Ve .
1

Flightdistancewas
2

usedhereinratherthanflighttimebecausetheavailableinformation
suggeststhatflightdistanceisthemoreappropriate~ameter. (See,
forexam~le,reference4.) .

Numericalvalues.-Thenumericalvaluesassumedforthecalculations
ofthepresentexampleare:

●

po,slugspercubicfoot. . . . . . . . . . . . . . . . . . . 0.002378
a,perradi= . . . . . . . . . . . . . . . . . . . . . . . .
S,squarefeet.. . . . . . . . . . . . . . . . . ... . . . . 86X
W(estimatedaverage),pmnds . . . . . . . . . . . . . . . . 33,900
K . . . . . ;... . . . . . . . . . . . . . . . ... . . . . 1.16
k= 1.467KpoSa

2 . . . . . . . . . . . . . . . . . . . . . . . 8.741

Over-allFrequencyDistributionof GustLoads

Probabilitydistributionof gustloads.-Thedeterminationofthe
over-allprobabilitydistributionofgustloadsrequirestheevaluation
ofequation(18)or (l&). Byuseofanairspeedintervalof 10miles
perhour,thenumericalvaluesofthearguments~

kVe
inequation(18a)

wereobtainedandaregivenintableI(a).Thevaluesof AL shownin
thetableare,withtheexceytionofthefirstvaluewhichisthelowest
loadincrementvalueobtainablefromthepresentcase(theloadresulting
froma 4-fpsgustat anairspeedof120mph),giveninincrementsof
loadequivalentto O.lgload-factorincrementsstartingat 0.2g(678olb). “

-..
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)Theappropriatevaluesof F ~
3(kVe

and f4(Ve)areobtainedfromfig-

ures3 and4,respectively.Inordertoreducetheamountof computa-
tion,theevaluationwasactuallycarriedoutforthecomplementary
functions1 - F(&) and 1 - F3(Ue)as givenby equation(12a).The
matrixevaluationis shownintableI(b)andthesolution1 - F(&) is
showninfigure5. Thisfigureindicatestheprobabilityofa load
havinga valuegreaterthantheindicatedvalue.

Comparisonofexpetteddistributionof loadswithflightloadsdata.-
Thefrequencydistributionofnormalaccelerationforvaluesgreater
than0.3gwasavailablefromthepresentoperationsfor834hoursof
flight. Onthebasisofan estimatedaverageairplaneweightof
33,900pounds,theseaccelerationswereconvertedtoloadsandthefre-
quencydistributionofloadsobtainedisshowninfigure6 intermsof
thenumberof loadsencounteredgreaterthanindicatedgivenvalues.
Forcomparison,theexpectedfrequencydistributionofloadsforthis
flighttime(834hr)wasderivedby usingtheprobabilitydistribution
1- F(&) giveninfigure5 andtheaveragegustfrequencyof 0.7gust
permilepreviouslytakenas representativeof thepresentoperations.
Ifan averageairspeedof 200miles-r hourisassumed,a totalof
(834)(2oo)(0.7)= D6,760gustsareobtained.‘l’heexpectednumberof
loadsgreaterthangivenvaluesof loadisthengivenby theexpression
1.16,760cl- F(AL)]. Theresultsobtainedarealsoshowninfigure6
forcomparisonwiththeobservedflightloadsdata.

DistributionofLoadIncrementsbyAirspeedBrackets

Probabilitydistributionby airspeedbracket.-b orderto illustrate
theevaluationofthedistributionofloadincrementsby airspeed’bracket,
theevaluationofequation(16a)wascompletedforthepresentexampleby
usingincrementsof 20milesperhourforthebrackets,thatis,120to
140,140to16o,andsoforth.

()
Thevaluesoftheargument ~ in

kVe
AL
()

F3— foreachairs~edbracketforselectedvaluesofloadincrement
kVe

aregivenintableII(a),wherethemeanairspeed~e foreachairspeed
bracketwasobtainedby usingequation(19)andisalsoindicatedinthe

fore~cfl ~J~~s ~ ‘~~~~)] ‘ere‘btatiedby usingf~We 3

table

oftableII(a)andaregiventi
tableII(b).Thevaluesof

~@2) - F4&)]
inequation(16)were

estimatedfromfigure4 by usingSimpson’sruleandaregivenby the
relation

-. . — -. . --——— ---——-— .- ..— --— — ..-—— — .-.—— .—
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“F(%)-‘W’J =$fr’1) +4’4(%/2)+‘4T’2]

wherethesubscripts1, 3/2,and2 referto theairspeedat thebeginning,
mid~int,andendPOint,res~ctively,of eachairspeedbracket.The
resultsobtainedforeachairspeedbracketaregivenatthebottomof
tableII(b).Theprobability-distributionfunctionofloadincrement
obtainedforeachairspeedbracketby substitutingthenumericalvalues
oftableII(b)intoequation(16a)aregivenintableII(c).Theover-
alldistributionofloadincrementforallairspeedbrackets1 - F(AL)
obtainedby addingacrosseachrunisalsogiveninthelastcolumnof
thetable.Thedistributionsof loadincrementby airspeedbracketare
showninfigure7 andindicatetheprobabilitythata loadwilJoccurin
a givenairspeedbracketandhavea valuegreaterthanthevalues
indicated.

Growthofairspeal-loadenvelops.-Wasmuchas thetotalloadexpe-
riencefora givennumberof gustsorloadsisdefinedforeachairspeed
bracketby thedistributionsof figure7,theairspeed-loadenvelopes
(maxhnunloadincrementsasa functionofairs~ed)uy be estimated

5 106,and107directly.Forgivenflightdistances,forexample10 ,
flightmiles,a totalof0.35x 1P, 0.35x 106,and0.35x 107positive

.

(andalsonegative)gusts,res~ctively,maybe expectedforthepresent
operations.Fora givennumberof gustsor loads,theaveragenumberof
loadsthatmaybe expectedtoexceeda givenvalueis,fromstatistical

.

theory,givenby NP whe~e N isthenumberofloadsand P isthe
probabilityofa randomvalueof loadexceedinga givenvalue(orthe
pfopmtionof loadsexceedinga givenvalue).Thus,thenwdmumload
thatmaybe expected,ontheaverage,tobe exceededonce(theaverage
maximumloadof N loads)istheloadintensitycorrespondingtoa
probabilityvalueof p=~o Onthisbasis,theexpectedmaximumload

R
incrementsforgivennumbersof gustsmaybe obtainedfromfigure7 by
settingtheprobabilityP equalto1/(0.35x 1P), 1/(0.35x 106), and

1/(0.35X107),respectively,andreadingtheloadvaluesattheinter-
sectionsofthesehorizontallineswiththeprobabilitydistributions
foreachairspeedbracket.Theprobablenwxtiumloadincrementsobtained
inthismannerareshownplottedat themeanvaluesofairspeed~e in
figure8. Fairedlinesareshownto indicatetheover-allenvelopesthat
maybe expectedforthegivenflightdistances.Thedeterminationof
thenegativeloadincrementsis,ofcourse,directlyparallelandthe
symmetricalnegativeenvelo~isalsoshowninfigure8.

.
Comparisonofpredictedandobservedairs~ed-loadenvelopes.-

V-Grecordscovering28,u6hoursof flightor5.62x 106milesof flight

..— ——— —— -.-———
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(obtainedby assuminganaverageairspeedof 200mph)wereavailable
fromoperationsofthepresenttype.An averageoperatingweightof
33,900pomds-s assumedandtheover-allload-velocityenvelopeshown
infigure9 wasobtainedfroma com~siteoftheV-Grecords.Although
V-Grecordsdonotpermittheseprationoftheloadsdueto gustsand
maneuvers,anairspeed-loadenvelopbasedonthepresentanalysiswas
derivedforcomparison.Iftheaveragefrequencyof 0.35~sitivegusts
permileof flightisused,a totalofabout1.97x 106positive(and
alsonegatiw)gustsmaybe expectedfortheperiodcoveredby the
V-Grecords.Fora valueof P =

1.9:X 106’
theexpectedloadenvelo~

maybe obtainedfromfigure7 as previouslyoutlined.Theresults
obtainedareshowninfigure9 forcomprisonwiththeloadenvelo~
obtainedfortheV-Gdata. Thepredictedenvelo~indicatesaverage
ex~ctedlimitsof theenvelopefortheperiodcoveredby thepresent
V-Grecords.

DISCUSSION

Theresultsobtainedintheapplicationofthepresentanalysisto
a ~rticularsetofoperations(figs..5 and7) illustratesthenatureof
theprobabilitydistributionsofloadincrementsdueto gusts.Comprf-
sonofthepredictedfrequencydistributionsofloadincrementandthe
measureddistributionbasedon834hoursof operations(fig.6)indicates
thattheresultsinthiscaseareingoodagreement.Thepredictednum-
bersof loadsappearconsistentlysomewhatlargerthanactuallyobserved,
butdifferencesof themagnitudesobservedmaybe expectedfromssmpling
variationssincethegustspacingassumedforthepresentexamplewas
basedona limitedsampleof only286hoursoftime-historyrecord.It
isof interesttonotethattheuseofa simplifyingassumptionthatthe
airplanefliesat anaverageairspeed(equation(12b))yieldsan equally
goodestimateoftheobservedflightloadsinthiscase. Itiseasyto
show,however,thatthegoodagreementwildnotbe obtainedforother
gustdistributionsor fordistributionsofairspeedthatdepartappre-
ciablyfroma symmetricaldistributionorhavegreaterscatter.

Althoughtheverificationof thecomplete~edictedloadhistoryis ‘
notpossibleat tldstime,theover-allvelocity-loadenveloyhasbeen
checkedagainstthemoreextensivecoverageavailablefromV-Grecords.
Comparisonofthepredictedloadenvelo~withthatobtainedfromthe
V-Grecords(fig.9) indicatesthatthepredictedenvelopefor28,~6hours
isinreasonableagreementwiththatmeasuredovertheairspeedrangeof
16otapsrhaps24omfiesp-erhour. Inthisrange,onlytwolargepositive
loads(atabout175and190mph)exceedthepredictedenvelopby a
Siglificatamount.Inasmuchasthepredictionrepresentsanaverage

.— — ——.— ..——~.. ....—--- ..——. ..-— — ——. -— –-–—--——
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condition,thedifferencesbetweenthepredictedenvelopeandthe
V-Gdataarenotconsideredsignificant. ?

Althoughtheagreementbetweenpredictedandmeasuredloadenvelopes
appearsgoodinthemiddleairspeedrange,figure9 tidicatesthatthe
presentanalysisdoesnotpredictadequatelytheloadenvelopeforair-
speedsbelowl&lmilesperhourorabove240milesperliour.Theinabil-
ityofthepresentmethodsto determineadequatelythehigh-andlow-
speedpartof theloadenvelopesisnot,however,surprising.Thepresent
analysisisbasedon considerationsoftheloadsdueto gustsonly,
whereasthehigh-andlow-speedloadsareprobablyassociatedwithmaneu-
vers.Emmhationof the265V-Grecordsonwhichtheloadenvelopewas
based,indicatedthatSR recordscontributedto thecom~siteabove
about265miles@r hour. Theadequateestimationofthehigh-andlow-
airspeedpartsoftheloadenvelo~appearsconsequentlytorequireboth
a considerationofthemaneuvercontributionsandlargerpreliminary
samplesto obtatia measureofthefrequencywithwhichtheloads
associatedwiththehigh-speed~t oftheenvelopemaybe anticipated.

~ theapplicationofthepresentmethodsto theproblemof pre-
dictingthehistoryofloadsfortheservicelifeofan airplane,the
majorproblemsinvolvetheselectionoftheappropriatedistributionsof
effectivegustvelocityandof airspeedtobe usedinparticularcases. .

b addition,~eaterprecisioninthepredictionsmaybe obtainedby
dividingtheservicelifeintosignificsatprts inaccordancewith
informationonthe~rameterswhicharelikelytoaffectthedistributions “
of K, Ue, Ve ortheirinterrelations.As an example,fora high-
altitudetransprt,thedivisionmaybemadeintothreeflightstages,
climb,levelflight,anddescent,sinceavailableinformationsuggests
thatthegustexperience,theairspeeddistribution,andthevalueof
thealleviationfactorK maybe ex~ctedtodifferamongtheseflight
stages.

Theappropriatedistributionof effectivegustvelocitiesfora
particularcaseis,of course,a fundamentalproblemwhichappears,from
thevariationsindicatedh figure1,torequireulttitelythecollec-
tionof guststatisticsinorderto describemorepreciselythedistribu-
tionofgustvelocityforvariousatmosphericconditions.Theimmediate
practicalsolutiona~esrstobe thestudyof thegustinessexperienced
invarioustypesof operationsby thecollectionof samplesofgust
statistics.Suchstudiesarenowunderway.

Theappropriateairspeeddistributiontobe usedinequation(12),
asalready~intedout,istheairspeeddistributioninroughair. The
useof samplesofairspeedrecordevenof smallsize,as indicatedby
theillustration,appsrsadequate.Whensampledataarenotavailable,
as inthedesignstageofa newairplane,otherrecoursesarenecessary.
Thestudyofairspeeddistributionsinnormaloperatingpracticesadthe



.
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relationofthesedistributionstoairplanecharacteristics,design
prameters,flightstage,an~levelofgustinessmayprovidea basisfor
theestimationoftheairspeeddistributionappropriatetonewairplanes.
Theassumption,usedherein,of independencebetweengustvelocityand
airspeedmaywarrantmorepreciseinvestigationinprticularcases.

CONCLUDINGREMARKS

An analysisoftheproblemof predicting
of gustloadsonairplaneshasindicatedthat

thefrequencydistribution
thefrequencydistribution

canbe predictedfroma knowledgeofthefrequencydistributionsof
effectivegustvelocityandairspeed.Theanalysisalsoyieldsthedis-
tributionofloadincrementsfordifferentairspeeds.Theapplication
ofthemethodsinanexampleindicatesreasonableagreementbetweenthe
predictedfrequencydistributionof gustloadsandmeasuredflightloads
data. Forextendedoperations,thepresentmethodsap~aredsatisfactory
forpredictingtheairspeed-loadenvelopintheairspeedcruisingrange
butdidnotadequatelypredicttheloadenvelopeatthelowerandhigher
airspeeds.

IangleyAeronauticalLaboratory
NationalAdvisoryCommitteeforAeronautics

IangleyField,Vs.,October10,1971
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Lcaa (.J1- mF3 ~ forairspsedbracket-

Incrarlellt,
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67,&o 4.8992.04~G.70~~.yJ-74.3&7 g.)0-7~.~-6

-F4 ~1‘4~eJ ~ 0.0161o.o@o0.1702o.2g69o.$X!&o.14120.0193
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Load
tincremen

(R)
4,1g6

6,780

10,170

13,560

16,950

20,340

23,730

27,12U

30,510

33,900

37,30

40,680

44,070

47,460

50,850

54,240

57,630

61,020

64,410

67,800

TABLE II-Concluded

EVALUATIONOF PROEABIUTYDHCUBUTTON OF LOADS

BYAIRSPEEDERACKET- Concluded

(c)ProbabilityDistributionof had Jlmrementsby AirspeedBracket

F-‘+%j]~<vep)- ‘o+)]

rmen?s in thistablereferto factor10 whichwasgnittedfor
L

brevity. Thus,1.19-1 slgaifies1.19 X 10-1 J

L20 to
LkOmph

1.61-2

3.65-3

3.694

6.15-3

1.24-5
3.~-6

9.6-7

3.3-7

1.20-7

5.18-8

2.454

1.193

5.924

3.06-9

c

1.61+
&lo

4.54-10

2.53-10

1.38-1°

7.87-U

L

forairspeedbracket-

!40to
L60IS@

6.80-2

2.64-2

3.56-3

~J@

low-k

3.55-5

1.24-5

3.944

1.624

6.24-7

2.87-7

1.48-7,

7.344

4e@A

2.194

1.244 I

6.94+ ;

4*J5-9 I

2.41-9

l.J@

.. —-.

1.7071 2.97-1 2.E!.9-11.41-1 1.93-2

1.15-1 2.80-1 2.88-1 1.41-1 1.93-2

1.84-2 4.69-2 8.31--2 5.48-2 1.21-2

3.)6-3 9.56-3 1.62-2 1.52-2 2.51-3

7.15-4 2.57-3 4.96-3 3.64-3 8.494

2.2Q-4 7.66-4 1.33-3 1.22-3 2.86A

7.=-5 2.604 5.77-4 4.41-4 9.26-5

2.52-5 9.85-5 1.96-4 1.82A 4.01-5

9.874 3.95-5 8.3-5 7.37-5 1.69-5

4.&6 1.78-5 3.64-5 3.=5-5 8.304

2.01-6 8.014 1.67-5 1.69-5 3.674

9.36-7 4.10-6 8.334 8.19A 1.93-6

4.82-7 2.10-6 4.38-5 4.174 1.C9-6

2.76-7 -6 p ~41.13 . 2.37-6 5.94-7

1.56-76.53-71.37--61.27-63.%-7

8.994 3.86-78.16-77.67-71.86-7

5.334 2.33-76.32-76.28-71.17-7

3.20-8 1.42-72.97-72.99-77.33~

1.924 8.904 1.98-71.89-74.793

1.14~ 5.58-81.26-71.27-73.09-8

L- ‘(AL)

9.99-1

8.73-1

2.19-1

4.72-2
1.3-2

3.91-3

1.46-3
5.&4

2a-4

l.oo~

4.76-5

2.36-5

1.23-5

6.814

3.834

2.264

1.674
8.@-7

5.46-7

3.53-7

25
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Figure1.-Probabilitythataneffectivegustvelocitywillexceeda
givenvalueforseveralavailableflightconditions.
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Fi@re 2.- Pictorial representation of volume integral equation (12),

F(m) =/’F3(~)f~(Ve) dve.
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Figure3.-Probabilitythat
greater

a valueofeffectivegust
thanindicatedvalue.
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Figure 4.- Frequency function of equivalent airspeed fk(Ve) indicating

the proportion of flight distance covered at given values of airBpeed. @
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Figure5.-Probability

Loud/..emen~Al,/b

thata valueofloadincrementwillbe greater
thanindicatedvalue.
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Figure6.-Comparisonofpredictednumberofloadincrements
thanindicatedvaluewithflightloadsdatafor8s4hours
operation.
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Figure7.-Probabilitythata valueofloadincrementwilloccurina
givenairspeedbracketandexceedindicatedvalue.
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~igure 8.- Airspeed-load-incrment envelqee for given flight distances.
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Fi@me 9.-CompariEouofmeamradandpredictedairspeed-load-increment
enyelopeafor28,116hoursofowration.

,


